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Interation of traveling wave of lassi light with 1D-hain of oupled quantum dots (QDs) in
strong oupling regime has been theoretially onsidered. The eet of spae propagation of Rabi
osillations in the form of traveling waves and wave pakets has been predited. Physial interpre-
tation of the eet has been given, priniples of its experimental observation are disussed.
PACS numbers: 32.80.Xx, 42.65.Sf, 71.10.Li, 71.36.+, 73.21.La, 78.67.Lt
Introdution.  Rabi osillations are periodial transi-
tions of a two-state quantum system between its station-
ary states in the presene of an osillatory driving eld,
see e.g. [1℄. First observed on nulear spins in radio-
frequeny magneti eld [2℄, the Rabi osillations then
were disovered in many other two-level systems, suh
as atoms exposed to eletromagneti wave [3℄, semion-
dutor QDs [4℄, Josephson qubits [5℄, spin-qubits [6℄, and
between ground and Rydberg atomi states [7℄. Besides
the fundamental interest, the eet of Rabi osillations is
promising for realization of binary logi and optial on-
trol in quantum informatis and quantum omputing.
Compliation of physial systems where Rabi eet is
observed imposes additional features on the ideal piture
[1℄ of this eet. They are the time-domain modulation
of the eld-matter oupling onstant [8, 9℄, the phonon-
indued dephasing [10, 11℄ and the loal-eld eet [12,
13, 14℄  just to mention a few. New apabilities appear
in systems of two oupled Rabi osillators [15, 16, 17, 18,
19, 20, 21℄.
In spatially extensive samples omprising a great num-
ber of osillators, the mehanism giving rise to Rabi os-
illations indues also a set of nonstationary oherent op-
tial eets, suh as optial nutation, photon eho, self-
indued transpareny, et. [22℄. This is beause the sam-
ple size exeeds signiantly wavelength and propagation
eets ome into play. In low-dimensional systems prop-
agation eets are also manifested but their harater
hanges qualitatively. For example, the omputational
model of the oherent intersubband Rabi osillations in a
sample omprising 80 AlGaAs/GaAs quantum wells [23℄
predits the population dynamis to be dependent on the
quantum well position in the series. This result demon-
strates strong radiative oupling between wells and, more
generally, signiant dierene in the Rabi eet piture
for single and multiple osillators. In the present Letter
we build for the rst time a theoretial model of a dis-
tributed system of oupled Rabi osillators and predit
the new physial eet: the propagation of Rabi osilla-
tions in spae in the form of traveling waves and wave
pakets.
Model and equation of motion. - Consider an intera-
tion of an one-partile exitation in an innite periodial
1D hain of idential oupled QDs with eletromagneti
eld. A p-th QD is onsidered as a two-level system with
|bp〉 and |ap〉 as ground and exited states, orrespond-
ingly, and the transition frequeny ω0. Dephasing and
dissipation proesses inside the QD are further negleted.
The oupling may originate from dierent physial pro-
esses (eletron tunneling, dipole-dipole interation, et.)
and is aounted for in the tight-binding approximation,
i.e., is assumed to be restrited to neighboring QDs. Let
the QD hain be exposed to a plane wave traveling along
the hain, E ∼ exp[−i(ωt− kx)]. The wavenumber sat-
ises the ondition ka . 1 with a as the hain period,
providing later on the ontinuous limit transition.
In the one-partile basis, the Hamiltonian of the system
an be represented by Hˆ = Hˆ0 +∆Hˆ , where the term
Hˆ0 =
~ω0
2
∑
n
σˆzn − ~ΩR
2
∑
n
σˆ+n e
i(nka−ωt) +H.c. (1)
desribes Rabi osillations in non-interating QDs. Here,
σˆzn and σˆ
+
n are the Pauli matries for n-th QD, and ΩR is
the real-valued Rabi frequeny. The term ∆Hˆ aounts
for the QD-oupling and has the form as follows:
∆Hˆ = −~ξ
2
∑
n
∑
p=±1
(|an〉 〈an+p|+ |bn〉 〈bn+p|) + H.c.,
(2)
where ξ is the oupling onstant. Equation of mo-
tion has the form of one-partile Shrödinger equation
i~∂t |Ψ〉 = Hˆ |Ψ〉; the wave funtion an be written as
|Ψ(t)〉 = ∑p (Ap(t) |ap〉+Bp(t) |bp〉). Taking into a-
ount (1) and (2), we redue the Shrödinger equation
to a system of dierential equations, whih diretly ou-
ples Ap with Bp, Ap±1 and Bp with Ap, Bp±1. Carrying
out then the ontinuous limit transition for the variable
Ap(t) by Ap(t)→ A(x, t), Ap+1(t) +Ap−1(t)− 2Ap(t)→
a2∂2xA(x, t) and in the same manner for the variable
Bp(t), in the rotating-wave approximation [1℄ we arrive
2at the system of equations as follows:
∂tA = − i
2
(ω0 − 4ξ)A+ iΩR
2
Bei(kx−ωt) + iξa2∂2xA , (3)
∂tB =
i
2
(ω0 + 4ξ)B +
iΩR
2
Ae−i(kx−ωt) + iξa2∂2xB , (4)
Eqs. (3) and (4) desribe light  QD hain oupling in
the framework of formulated model. Beause we are in-
terested in the strong oupling regime, the quantity ΩR
an not be onsidered as a small parameter and further
analysis of these equations is arried out without reourse
to the perturbation theory.
Traveling Rabi waves.  Let us onsider elementary so-
lution of the system (3)(4) in the form of traveling wave:
A ∼ ei(h+k/2)xe−i(ν+ω/2)t, B ∼ ei(h−k/2)xe−i(ν−ω/2)t,
where h is a given wave number and ν is the eigenfre-
queny to be found. Solving harateristi equation of
the system (3)(4) with respet to ν determines the eigen-
frequenies of system by
ν
1,2
= ξa2h2 − Φ±
[(∆
2
+ V h
)2
+
Ω2R
4
]1/2
, (5)
where ∆ = ω0 − ω is the frequeny detuning, V = ξka2
and Φ = 2ξ(1−k2a2/8). These two solutions orrespond
to two eigenmodes, given, respetively, by
A1(x, t) = − C1ΩRe
i(h+k/2)xe−i(ν1+ω/2)t
2(ν1 +Φ−∆/2− V h− ξa2h2) ,
B1(x, t) = C1e
i(h−k/2)xe−i(ν1−ω/2)t ,
(6)
and
A2(x, t) = C2e
i(h+k/2)xe−i(ν2+ω/2)t ,
B2(x, t) = − C2ΩRe
i(h−k/2)xe−i(ν2−ω/2)t
2(ν2 +Φ+∆/2 + V h− ξa2h2) ,
(7)
where C1,2 are normalizing onstants. Either of these
modes is a superposition of ground and exited states,
whose partial amplitudes osillate both in time and spae.
Binding of ground and exited states is aused by inter-
ation of light with QD hain and vanishes in the limit
of ΩR → 0. In that ase, Eqs. (6) and (7) desribe
QD-hain exitons in equilibrium and inverse states, re-
spetively. Retaining in the expansion terms linear in
|ΩR| and simultaneously substituting ∆→ ∆− i0 we ar-
rive at the intermediate ase of exitons weakly oupled
with eletromagneti eld.
Spae osillations of the partial amplitudes are due to
QD-oupling and vanishes in the limit of ξ → 0. Thus,
eah of these modes an be interpreted as a Rabi wave
with the frequeny determined by Eq. (5). In general
ase these waves are exited simultaneously, while any
of them an be exited separately by a proper hoie of
initial onditions.
-2 -1 0 1 2
-5
0
5
 
 
 /
R
ha
 
1
(h)
 
2
(h)
 
1,2
(h) at 
R
= 0
FIG. 1: Typial dispersion law for Rabi waves. ξ = 3ΩR,
∆ = 0.5ΩR, ka = 1. Turndown of ha orresponds to the
range of appliability of the ontinuous limit model.
Typial dispersion harateristis of Rabi waves are de-
pited in Fig. 1. It should be noted that at given ampli-
tude and frequeny of external eld their frequenies have
ontinuous spetra (wave number h varies ontinuously).
Dispersion dependenes depited in the gure are asym-
metri: ν1,2(h) 6= ν1,2(−h). Physially, this is due to the
presene of preferential diretion, whih is determined by
the diretion of light propagation along the hain. The
QD oupling leads to the inequality ν1 6= −ν2. That
is why, unlike to single QD, in QD hains the inversion
osillates anharmonially. These osillations an be rep-
resented as amplitude-modulated harmoni osillations
with the frequeny (ν1−ν2)/2, while the modulation fre-
queny is given by (ν1 + ν2)/2. In traveling Rabi wave,
the inversion is onstant in spae. Beause ν1,2(h) are
real at any real h, the system is stable [24℄. Now, let us
analyse the dispersion harateristis h1,2(ν), assuming
the frequeny ν to be a given parameter. It is seen from
Fig.1 that in some frequeny range h1 is omplex and h2
is real for real ν. It orresponds to non-transmission of
the rst Rabi wave [24℄. The frequeny range in whih
both of h1,2 are omplex also exists. This ase orre-
sponds to omplete non-transmission of the Rabi waves
with given frequeny.
Note that the eigenmodes (6) and (7) eah omprise
traveling waves with dierent wave numbers h ± k/2.
Physially, this means that the Rabi wave propagates in
an eetive periodially inhomogeneous medium formed
by spatially osillating (with period 2pi/k) eletri eld.
Therefore, the diration is developed in the system. In
the limit k→ 0 the medium turns homogeneous and the
diration eet vanishes.
Assuming the frequeny ν to be a given parameter and
solving Eq. (5) with respet to wave number, we obtain
for k = 0:
h1,2 = ±
[
1
a2ξ
(
ν + 2ξ ± 1
2
√
Ω2R +∆
2
)]1/2
, (8)
where external signs ± orrespond to two diretions of
propagation while signs ± before internal radial or-
3respond to two types of Rabi waves indexed by 1 and
2. It diretly follows from (8) that eletri eld forms
an eetive medium for propagating Rabi waves. In in-
homogeneous eletri eld the Rabi frequeny beomes
oordinate-dependent, ΩR = ΩR(x), and therefore the
medium beomes inhomogeneous too providing reetion
of Rabi waves and their mutual transformations at the
inhomogeneities. In that way one obtain a unique ability
to ontrol the proesses of the reetion and dispersion of
Rabi waves by varying the light spatial distribution. As
a potential realization sheme we indiate the interation
of QD-hain with Gaussian light beam (or superposition
of suh beams) with the beams' widths and mutual dis-
position as ontrollable fators.
Rabi wave pakets. - The proess of the exitation
transition opens up new opportunities for ontrolling the
dynamis of Rabi osillations. For identiation of on-
trol fators we need to know general solution of the
system (3)(4). To nd it, we rst introdue the vari-
ables u(x, t) = A(x, t) exp [i(ωt− kx− 2Φt)/2], v(x, t) =
B(x, t) exp [−i(ωt− kx+ 2Φt)/2]. For these variables,
Eqs. (3)(4) are redued to the form as follows:
∂tu+
i∆
2
u+ V ∂xu− iξa2∂2xu−
iΩR
2
v = 0 ,
∂tv − i∆
2
v − V ∂xv − iξa2∂2xv −
iΩR
2
u = 0 .
This system an be solved exatly by using the Fourier
transform with respet to x. Finally we arrive at
u(x, t) =
∞∫
−∞
[
u˜(h)ϕ−h (t) + v˜(h)ψh(t)
]
eih(x−ξa
2ht)dh, (9)
v(x, t) =
∞∫
−∞
[
u˜(h)ψh(t) + v˜(h)ϕ
+
h (t)
]
eih(x−ξa
2ht)dh,(10)
where ϕ±h (t) = cos τ ± i(∆h/Ωh) sin τ , τ = Ωht/2,
ψh(t) = i(ΩR/Ωh) sin τ , Ωh =
√
Ω2R +∆
2
h, ∆h = ∆ +
2V h . The funtion u˜(h) is determined by the initial on-
dition
u˜(h) =
1
2pi
∞∫
−∞
u(x, 0)e−ihxdx (11)
and the funtion v˜(h)  analogously. It is easy to verify,
that the solution obtained satises the probability on-
servation law
∫∞
−∞
[|u(x, t)|2 + |v(x, t)|2] d x = 1 for any
t > 0. A typial spae-time distribution of the spatial
density of the inversion (the inversion per single QD)
w(x, t) = a[|u(x, t)|2 − |v(x, t)|2] is shown in Fig. 2a. As
follows from Eqs. (9)-(10) the depited spae-time dy-
namis of w(x, t) orresponds to the evolution of a Rabi
wavepaket dened as a superposition of Rabi waves with
ontinuous spetrum of Ωh. Physial interpretation of
the piture predited to observe in the QD hain an be
given on base of the ollapse-revivals onept [1℄. Distin-
tive feature of the ase onsidered is that the distribution
of ollapses and revivals is permanently varied in spae
and time.
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FIG. 2: Spae-time distribution of the inversion in the
QD hain (olor online). a) A single Gaussian wavepaket
A(x, 0) = exp(−x2/2σ2)/ 4
√
piσ2, B(x, 0) = 0, ∆ = V k.
b) Two ounterpropagating idential Gaussian wavepakets:
A(x, 0) = exp[−(x− 3σ)2/2σ2]/ 4
√
4piσ2, B(x, 0) = exp[−(x+
3σ)2/2σ2]/
4
√
4piσ2, ∆ = 0. In both ases ka = 0.33, σ = 5a,
ξ = 3ΩR.
Although variation of the inversion density, depited
in Fig. 2, in arbitrary point of the spae oupied by
the Rabi wavepaket is not too large, an integral har-
ateristis presented in Fig. 3  the integral inversion∫∞
−∞
w(x, t)dx  of initially unpolarized QD-hain osil-
lates between -1 and 1, thus indiating presene of strong
light-QD oupling.
Note that osillations of the integral inversion at V 6= 0
damp with time (see Fig. 3), whereas suh a damping is
absent at V = 0 and integral inversion osillates har-
monially in the range from -1 to 1 (dotted urve in Fig.
3). Suh a behaviour indiates appearane of a spei
mehanism of olletive dephasing. Physially, this is
beause the eetive detuning ∆h and therefore the ar-
rier frequeny Ωh of Rabi osillations onstituting the
4wavepaket depends on h (Doppler shift). As dierent
from that, the ondition V = 0 keeps the h-dependene
only in the amplitude modulation frequeny (ν1 + ν2)/2
and thus does not result in dephasing. In the weak ou-
pling limit the indiated dephasing mehanism is analo-
gous to the Landau damping in plasma.
The dependene of the frequeny of Rabi osillations
Ωh on V shows that the value∆ = 0 is not optimal for the
eet observation. Optimization of ∆ allows inreasing
the intensity of Rabi wave and the dephasing time, see
dashed urve in Fig. 3. In the frequeny domain, ne
tuning of the system to the resonane is ahieved by the
variation of V (hanging the angle of inidene of light).
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FIG. 3: Temporal dependene of the integral inversion at the
iòput parameters as follows: ∆ = 0, k = 0 (dotted line);
∆ = 0, ka = 0.33 (solid line); ∆ = V k, ka = 0.33 (dashed
line). In all ases, ξ = 3ΩR and σ = 5a.
Interation of two ounterpropagating idential Gaus-
sian Rabi wavepakets elastially olliding at x = 0 is
shown in Fig. 2b. Although the inversion osillates in
time and moves in spae, integral inversion of initially
saturated QD hain (
∫∞
−∞
w(x, 0)dx = 0) does not expe-
riene osillations: this quantity equals zero for all t ≥ 0
and arbitrary values of ΩR.
On experimental observability of Rabi waves. - The
theory presented an be extended to a various physi-
al situations, suh as quantum dynamis of an ele-
tron in QD hain. Rabi waves are realized via optially
indued transitions between the size-quantized eletron
levels. Transition of eletron from one QD into another
ours by means of tunneling through the potential bar-
rier [21, 25℄. Another example is the Rabi osillations of
two-eletron entangled state (|01〉+|10〉)/√2 taking plae
in two neighboring QDs due to dipole-dipole interation
[15, 16, 17, 18, 19, 20℄. The model developed desribes
the motion of this two-eletron state as a single whole; in
this ase the wavefuntion |Ψ〉 is the envelope funtion.
Theoretial analysis arried out has shown that the op-
timal exitation of Rabi waves require the oupling fa-
tors of both neighboring QDs and single QD with eld
to be omparable by magnitude: ξ ∼ ΩR. Another ne-
essary ondition being imposed on the Rabi frequeny is
essential exeeding over all intrinsi relaxation rates. For
typial QD strutures [4℄, this ondition is satised for
Rabi frequeny varied over a wide range ~ΩR ∼ 0.001−1
meV. This range orresponds to realisti eletri eld
variation E ∼ 102 − 105 V/m. As a onsequene, the
interdot oupling onstant ξ also varies between 1 µeV
and 1 meV what is pratially ahievable [15, 18, 21℄ for
typial interdot distanes 4− 20 nm.
Experimentally, the Rabi waves an be deteted in res-
onant uoresene spetra of spatially extensive samples
by the presene of new spetral lines, additional to the
Mollow triplet, as well as by the Doppler shift and broad-
ening of the triplet lines, et. Of ourse, highly ordered
hains of uniform QDs are required to exlude nonho-
mogeneous broadening, whih may hide the eet. Im-
pressive progress in growing of perfet nanostrutured
suessions ahieved in last years (e.g., see [26℄) is very
promising for that aim.
Rabi waves an be observed in systems of another
physial nature suh as quantum eletrial iruits [5℄,
if one proeed from two oupled Josephson ubits in mi-
rostrip resonator [5℄ to a distributed struture of suh
elements imposed to interqubit interation. In partiu-
lar, in that struture the Rabi wave frequeny goes down
to mirowaves and the eld intensity neessary for Rabi
waves exitation dereases.
Conlusion. - In this Letter, we have predited the
exitane of Rabi waves  wave propagation of the inver-
sion in spatially extensive systems of oupled osillators.
The system has been exemplied by an 1D-hain of ou-
pled QDs exposed to an intensive traveling light wave.
Spatial propagation of Rabi osillations in the form of
traveling waves and wave pakets is shown to our in
the hain. The propagation is predited to be aompa-
nied by the damping of Rabi wave in time manifesting
new mehanism of olletive dephasing, whih is an ana-
log of Landau damping of exiton-polaritons extended to
the strong light-matter oupling.
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